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ABSTRACT

In this paper, we define the operations mappings in topological spaces such as
(v*.B)-pre-continuous, (y*,[")-pre-continuous, (y.[")-pre-open, (¥, )-pre-open,
(v. 87 )-pre-closed, (y*.[")-pre-closed and (y*,[")-pre-homeomorphism and study
some their basic properties.
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INTRODUCTION

Mashhour et al.[6] and Andrijevic[1, 2] introduced the concept of pre-open
sets and semi-pre-open sets respectively. Kasahara[3] defined the concept of
operations @ on topological spaces. Ogata[7, 8] called the operations @ (resp. @-
closed set) as ¥-operations (resp. ¥-closed set) and introduced the notion of 1,
which is the collection of ¥-open sets in topological spaces. Sai Sundara Krishnan
and Balachandran[9] initiated the concept of ¥-pre-open sets and studied the
separation axioms using ¥-pre-open sets. Further, they generated a topology 1,
using ¥-pre-open sets. Sai Sundara Krishnan et al.[10] obtained the concept of ¥*-
pre-open sets and ¥“-semi-pre-open sets in topological spaces and investigated
some basic properties. D. Saravanakumar et al.[11, 12] generated the idea of
operations mappings in topological spaces.
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In this paper in section 3, we created the concept of operations approaches
continuous mappings in topological spaces such as (¥, f)-pre-continuous,
(¥*.B%)-pre- continuous. Also, we investigated some of their essential properties

rou e ¥ -pre-open, ¥ -pre-closed and ¥ -pre-derived sets. In section 4, we
through the y*-pre-open, ¥*-pre-closed and y*-pre-derived sets. | tion 4
obtained the idea of operations open, closed mappings such as (¥". " )-pre-open,
btained the idea of operati p losed mapping h as (¥", 5 )-pre-op
(¥*,8*)-pre-closed and studied some of their important properties. Moreover, we
shows that every (¥*, 5*)-pre-continuous (¥, f*)-pre-closed image of ¥*-pg.closed
set is f*-pg.closed. In addition, we proved that every (y*,[")-pre-continuous
(¥*, 8*)-pre-closed inverse image of £*-pg.closed set is ¥*-pg.closed.

PRELIMINARIES

An operation ¥[3] on the topology T is a mapping from T into the power set
P(X) of X such that V < VY for each V e T, where V¥ denotes the value of ¥ at V. It
is denoted by ¥: T — P(X). A subset 4 of X is y-open[7], if for each x € A4, there
exists an open neighborhood U such that x € U and U" < A. Its complement is
called y-closed and 7, denotes set of all y-open sets in X. For a subset A of X, y-
interior[7] of 4 is int,(A) ={x e A: x € N € T and N" c A for some N} and y-
closure[7]of Aisel,(A)={x e X:x e U e tand U" N A =@ for all U}. An operation
¥ on T is regular[7], if for any open neighborhoods U, V of each x € X, there exists
an open neighborhood W of x such that UY nV¥ o W7; open[7], if for every
neighborhood U of each x € X, there exists a ¥-open set B such that x € B and UY
D B. A space X is y-regular[7], if for each x € X and for each open neighborhood V
of x, there exists an open neighborhood U of x such that UY < V. A subset 4 of X is
¥*-dense (resp. ¥ -nowhere dense, ¥"-pre-open)[10], if ¢l (4) = X (resp.
int,(cl,(4)) =0, Acint, (cl,(A))). The set of all ¥*-pre-open sets is denoted by
PO, (X). Aisy -pre-closed[10] in X if and only if ¥ — A is ¥"-pre-openin X. A is y"-
pre-clopen[10], if 4 is both ¥*-pre-open and ¥*-pre-closed in X. For a subset 4 of X,
¥*-pre-interior[10] of 4 is pint,«(4) = AU : U € PO,+(X) and U c A}and ¥"-pre-
closure[10] of 4 is pel,+(A) = "{F : X — F € PO,+(X) and A c F}. A space X is y"-
submaximal[10], if every ¥ -dense set of X is y-open in X. A subset 4 of X is y*-
pg.closed if pel,-(A) U whenever A ¢ U and U is y*-pre-open. A space X is y*-
pre-Ty[10] if for each distinct points x, ¥ € X, there exists a U € PO,+(X) such that
xelUandy ¢ Uory € Uand x ¢ U. A space X is y*-pre-T;[10] if for each distinct
points x, y € X, there exists U,V € PO,+(X) suchthatx e U,y ¢ U, x ¢ Vand y €
V. A space X is y"-pre-T,[10] if for each distinct points x, ¥ € X, there exists U, V
€ PO,-(X) suchthatx e U,y e Vand UNV = 0. A space X is y"-pre-T=[10] if for

z

each y*-pg.closed set of X is y*-pre-closed. A mapping f : ¥ —» Y is (y.f)-
irresolute[5] if for any f-open set B of ¥, f -1(E) is ¥-open in X.

Proposition 2.1.[10] Every y"-pre-closed set is ¥*-pg.closed set. But the
converse need not be true.
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Throughout this paper let X, ¥ and Z be three topological spaces and
operations y: T — P(X), f: ¢ — P(Y) and p : 7 — P(Z) on topologies 7, ¢ and 7
respectively. Here PO+ (X), POg+(Y) and PO, (Z) are denotes the family of y"-pre-
open sets, f*-pre-open sets and p*-pre-open sets respectively.

(¥".8")-PRE-CONTINUOUS MAPPINGS

Definition 3.1. A mapping f: ¥ — ¥ is said to be (¥",f)-pre-continuous
(resp. (¥*, B*)-pre-continuous) if f ~(0) is ¥*-pre-open in X whenever @ is f-open
(resp. f*-pre-open) in Y.

Remark 3.1. (i) Every (¥".B")-pre-continuous mapping is (¥ f)-pre-
continuous. But the converse need not be true.

Let X ={a,b,c},¥={1,2,3}, 7={0, X, {a},{a, b}, {a,c}} and 0 = {0, ¥, {1}, {1,
3}} and define operations  ¥: T — P(X)and f: ¢ — P(Y) by

.};(ﬂ] - CI(A) if A={a,C} for every A eT and ﬁ(ﬂ] = A if 3¢ A for every

A if A={ac} AL{3) if3gA

A € o respectively.

Define f: X — ¥ by f(a) = 3, f(b) =2 and f(c) = 1. Then f is (¥",f)-pre-
continuous. Also f ({1}) = {c} is not y*-pre-open in X for the 5*-pre-open set {1}
of ¥. Hence f is not (¥, £ )-pre-continuous.

(ii) The concepts of (¥*, f*)-pre-continuous and (¥, )-irresolute mappings are
independent.

LetX ={a, b, c},Y={1,2,3}, t={0, X, {c},{a,c}, {bc}}and o = {0, ¥, {2}, {2,

3}} and define operations y:T— P(X)and f: ¢ —» P(Y) by
y(4) = [cl(A) if A={c} for every A e T and f(4) = [c/(A) if A={Z} for every 4
A if A={c} A if Ax{2}

€ g respectively.

Define f: X — Y by f(a) = 2, f(b) =1 and f(c) = 3. Then f is (¥.5)-
irresolute. Also f~*({2}) = {a}is not ¥*-pre-open in X for the S*-pre-open set {2}
of ¥. Hence f is not (¥, £ )-pre-continuous.

Also, consider X ={a, b, c}, ¥ ={1,2,3}, t={0, X, {a}, {a,c}}and o = {@, ¥,
{1}, {2}, {1, 2}} and define operations ¥: T — P(X) and ff: ¢ — P(Y) by

y(4) = { A ifceA forevery 4 e T and B(A4) = {AU{S} if A={3} for every 4

Au{c} ifceA A if A={l}
€ g respectively.

Define f: X —» ¥ by f(a) =1, f(b) =3 and f(c)= 2. Then f is (¥". 5" )-pre-
continuous. But £ *({2}) = {c} is not y-open in X for the f-open set {2} of ¥. By
Proposition 4.13[7], f is not (¥, )-irresolute.
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(iii) Every (v.f)-irresolute mapping is (¥", f)-pre-continuous. But the
converse need not be true.

Let X ={a, b, c}, ¥ ={1,2,3}, 7={0, X, {a}, {b}, {a, b}, {a, c}} and 0 = {0, ¥,
{1}, {1, 2}, {1, 3}} and define operations ¥: T — P(X) and f: ¢ — P(¥) by

y(A)=[ A ifA={ab} forevery 4 € T and F(A4) = [cl(A) if A={13} for every 4
cl(A) if A=fab} A if Ax{L3}

& respectively.

Define f: X > ¥ by f(a) = 1, f(b) = 2 and f(c) = 3. Then f is (¥", )-pre-
continuous. Also f~*({2}) = {b} is not y-open in X for the f-open set {2} of Y.
Hence f is not (¥, f)-irresolute.

(iv) If X, ¥ are y-regular space and ff-regular space respectively, then the
concepts of (¥*. f7)-pre-continuous and pre-continuous mappings coincide.

Theorem 3.1. Let f: X — ¥ be a mapping. Then the following statements are
equivalent:

(i) f is (¥", f)-pre-continuous;

(ii) for each x € X and each ff-open set V < ¥ containing f(x), there exists W
€ PO,+(X) suchthatx e W, f(W)c V;

(iii) the inverse image of each ff-closed set in ¥ is ¥“-pre-closed in X.

Proof. (i) = (ii). Let x € X and V' be any f-open set of Y containing f(x]). Set
W = f~1(V), then by Definition 3.1, W is a ¥*-pre-open set containing x and f (W) =
v,

(ii) = (iii). Let F be a f-closed set of Y. Set V =¥ — F, then V is f-open in Y.
Let x € f~1(V), by (ii), there exists a ¥*-pre-open set W of X containing x such that
f(W) c V. Thus, we obtain that x € W c int, (¢l (W)) c int, (el (f (V) and
hence f73(V) c int, (cl, (f 71(V))). This shows that f~*(V) is y*-pre-open in X.
Hence f Y (F)=X—f (Y- F) =X — f~1(V)isy*-pre-closed in X.

(iii) = (i). Let B be a f-open setin ¥. Then F =¥ — B is f-closed in ¥. By (iii),
f7Y(F) is y*-pre-closed in X. Hence f 1(B)=X— f (Y —-B)=X— f}(F)is¥*-
pre-open in X.

Theorem 3.2. Let f: X — ¥ be a mapping and f: ¢ — P(¥) be an open
operation on @. Then the following statements are equivalent:

(i) f is (¥", f)-pre-continuous;

(if) ¢l (int, (f 7" (B))) < f " (clg(B)) for each B C ¥;

(iii) f(el, (int, (4))) c clg(f(A)) for each A c X.

Proof. Follows from the Definition 3.1 and Theorem 3.1(iii).
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Theorem 3.3. Let f: X — ¥ be a (¥, £)-irresolute mapping and 5: ¢ — P(Y)
be an open operation on &. Then (i) f(¢l, (U)) c clg(f (U)) for each y-open set U in
X;

(ii) L, (F (V) c f"l(cig (1)) for each f-opensetV in ¥,
Proof. Follows from the Remark 3.1 and Theorem 3.2.

Theorem 3.4. If f: ¥ — Y is a (¥", f)-pre-continuous mapping and X is a ¥-
open subset of X, then the restriction f|X;: X — Y is (¥*, f)-pre-continuous,
where y: T — P(X) is a regular operation on .

Proof. Follows from the Definition 3.1 and Theorem 2.5[10].

Theorem 3.5. Let X be a topological space, ¥: T — FP(X) be a regular
operation on T and {V, : k € [} a cover of X by ¥-open sets of X. A mapping f: X —
Y is (¥*, B)-pre-continuous if and only if the restriction f|V,: V,, — ¥ is (¥", 5)-pre-
continuous for each k € J.

Proof. Follows from the Theorems 2.1[10] and 3.4.

Definition 3.2. (i) Let X be a topological space and y: T — F(X) be an
operation on T. A subset 4 of a space X is said to be a ¥"-pre-neighborhood of a
point x € X if there exists a ¥“-pre-open set U such that x e U c A.

Note that y“-pre-neighborhood of x may be replaced by ¥*-pre-open
neighborhood of x.

(ii) Let X be a space. A c X and p € X. Then p is called a ¥"-pre-limit point of
Aif Un (A —{p}) # O for any y"-pre-open set U containing p. The set of all ¥*-pre-
limit points of 4 is called a y¥"-pre-derived set of A and is denoted by pd,-(4).
Clearly if A c B then pd, - (4) c pd,+ (B).

Remark 3.2. From the Definition 3.2(ii), it follows that p is a y*-pre-limit
point of 4 if and only if p € pcl +(4 — {p}).

Theorem 3.6. For any A4, B c X, the y"-pre-derived sets have the following
properties:

(i) pel,~(4) 24 U pd,-(4);

(ii) wipd,: (A;) = pd,* (“;A4;);

(iii) pd, (pd, - (4)) < pd, - (4)

(iv) pel,-(pd,-(A)) = pd,- (4).

Proof. Follows from the Definition 3.2(ii) and Remark 3.2.
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Theorem 3.7. Let f: X — ¥ be a mapping. Then the following statements are
equivalent:

(i) fis (¥", 7 )-pre-continuous;

(ii) for each x in X, the inverse of every *-pre-neighborhood of f(x) isa y*-
pre-neighborhood of x;

(iii) for each point x in X and each f*-pre-neighborhood E of f(x), there is a
¥*-pre-neighborhood 4 of x such that f(4) c B;

(iv) for each x € X and each f*-pre-open set B of f(x), there is a ¥*-pre-open
set 4 of x such that f(4) c

B;
(v) f(pel,+(A)) c pclg(f(4)) holds for every subset 4 of X;
(vi) for any B*-pre-closed set H of ¥, f “*(H) is ¥*-pre-closed in X.

Proof. (i) = (ii). Let x € X and B be a f"-pre-neighborhood of f(x). By
Definition 3.2(i), there exists V € POg+(¥) such that f(x) € V c B. This implies that
x e f7YV) < F7Y(B). Since f is (¥", B*)-pre-continuous, so f (V) € PO, -(X).
Hence f~*(B) is a ¥*-pre-neighborhood of x.

(ii) = (i). Let B € POg+(Y). Put A = fY(B). Let x € A. Then f(x) e B. Clearly,
B (being f*-pre-open) is a f*-pre-neighborhood of f(x). By (ii), 4 = f *(B) is a y*-
pre-neighborhood of x. Hence by Definition 3.2(i), there exists 4, € P0,+(X) such
that x € A, < A. This implies that 4 = ,_44,. By Theorem 2.1[10], 4 is ¥"-pre-
open in X. Therefore f is (¥*, f*)-pre-continuous.

(i) = (iii). Let x € X and B be a f*-pre-neighborhood of f(x). Then, there
exists O, € POg+(Y) such that f(x) e Oy, c B. It follows that x € f™(0,,y) =
f7H(B). By (i), f *(0s(x)) € PO,+(X). Let A = f7*(B). Then it follows that 4 is y*-
pre-neighborhood of x and F(4) = f(f "*(B)) < B.

(iii) = (i). Let U € PO+ (Y). Take W = f~1(U). Let x € W. Then f(x) € U.
Thus U is a ["-pre-neighborhood of f(x). By (iii), there exists a ¥"-pre-
neighborhood V, of x such that f(V,) c U. Thus it follows that x € V, ¢ f*(f(V..))
c fH(U) = W. Since V, is a ¥"-pre-neighborhood of x, which implies that there
exists a W, € PO,-(X) such that x € W, c W. This implies that W =, ., W,.. By
Theorem 2.1[10], W is ¥*-pre-open in X. Thus f is (¥*, £*)-pre-continuous.

(iii) = (iv). We may replaced the ¥*-pre-neighborhood of x as ¥*-pre-open
neighborhood of x in condition (iii). Straightforward.

(iv) = (v). Let ¥ € f(pcl,+(4)) and V be any *-pre-open set containing .
Then, there exists a point x € X and a ¥"-pre-open set U such that x e U with f(x)
= ¥ and f(U) c V. Since x € pcl,+(4), we have that UNnA = @ and hence @ =
fUNA)c F(U)N f(A) <V n f(A). This implies that ¥ € pclg+(f(A)). Therefore,
we have that f(pel,+(A)) < pelg-(f(A)).

(v) = (vi). Let H be a f"-pre-closed set in Y. Then pclg+(H) = H. By (v),
flpel,-(fFH(H))) < pelg(F(f*(H))) < pelg(H) = H holds. Therefore
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pel,(f 1 (H)) < f~'(H) and thus f~'(H) = pcl,+(f "*(H)). Hence f~*(H) is v*-
pre-closed in X.

(vi) = (i). Let B be a f"-pre-open set in ¥. We take H =¥ — B. Then H is §°-
pre-closed in Y. By (iv), f'(H) is y*-pre-closed in X. Hence f~'(B) =
X—fNY—-B)=X— f"'(H)isy*-pre-open in X.

Theorem 3.8. A mapping f: X — ¥ is (¥, f*)-pre-continuous if and only if
f(pd,(A)) cpelg(f(A4)) forallAc X.

Proof. Let f: X — ¥ be (¥", f")-pre-continuous. Let A ¢ X and x € pd,-(4).
Assume that f(x) ¢ f(A) and let V denote a f”-pre-neighborhood of f(x). Since f
is (¥" f7)-pre-continuous, so by Theorem 3.7(iii), there exists a ¥*-pre-
neighborhood U of x such that f(U) c V. From x € pd - (A), it follows that U N A =
@ there exists, therefore, at least one element @ € UV N 4 such that f(a) € f(A) and
f(a) € V. Since f(x) ¢ f(A4), we have that f(a) # f(x). Thus every " -pre-
neighborhood of f(x) contains an element f(a) of f(A4) different from f(x).
Consequently, f(x) € pdg-(f(A4)). Conversely, suppose that f is not (¥, 5*)-pre-
continuous. Then by Theorem 3.7(iii), there exists x € X and a [S*-pre-
neighborhood V of f(x) such that every ¥*-pre-neighborhood U of x contains at
least one element @ € U for which f(a) ¢ V.PutA={a € X : f(a) ¢ V}. Since f(x)
e V, therefore * ¢ A4 and hence f(x) ¢ f(4). Since f(4) n (V—-{f(x))) = O,
therefore f(x) ¢ pdg-(f(4)). It follows that f(x) e f(pd,(4)) -
(f(A) U pdg+(f(A))) =0, which is a contradiction to the given condition.

Theorem 3.9. Let f: ¥ — ¥ be one-to-one mapping. Then f is (¥*, 5 )-pre-
continuous if and only if f(pd,«(4)) c pdg(f(A4)), forall A c X.

Proof. Let Ac X, x € pd,+(4) and V be a f*-pre-neighborhood of f(x). Since
f is (¥". [f")-pre-continuous, then by Theorem 3.7(iii), there exists a y"-pre-
neighborhood U of x such that f(U) < V. But x € pd,+(4) gives there exists an
element a € U N A such that a # x. Clearly f(a) € f(4) and since f is one-to-one,
f(a) # f(x). Thus every f*-pre-neighborhood V of f(x) contains an element f{a)
of f(A4) different from f(x). Consequently, f(x) e pdg(f(4)). Therefore,
f(pd,-(4)) c pdg: (f(A)). Converse follows from the Theorem 3.8.

Theorem 3.10. Let f: X — ¥ be a (¥", £")-pre-continuous and injective. If ¥ is
B*-pre-T, (resp. f*-pre-Ty), then X is ¥*-pre-T, (resp. ¥ -pre-T).

Proof. Suppose Y is fi*-pre-T5. Let x and ¥ be two distinct points of X. Then,
there exists two [f*-pre-open sets U and V such that f(x) e U, f(v) e Vand U NV
= @. Since f is (¥, f")-pre-continuous, for U and V, there exists two ¥*-pre-open
sets W and S such that x ¢ W and ¥ € 5, f(W) c U and f(5) c V, implies that

36| Vol.4. No.2 (2018) www.actaint.com



Acta Scientiae et Intellectus ISSN 2410-9738 (Print), 2519-1896 (Online)

W NS =0. Hence X is ¥*-pre-T;. In similar way one can prove that X is y*-pre-T;
whenever Y is f*-pre-T;.

(¥*.B87)-PRE-OPEN MAPPINGS

Definition 4.1. A mapping f: X — Y is said to be (¥, 8%)-pre-open (resp.
(v, 8)-pre-closed, (¥, *)-pre-open, (¥*, 8*)-pre-closed) if f(0) is f*-pre-open
(resp. [*-pre-closed, S*-pre-open, *-pre-closed) in ¥ whenever @ is ¥-open
(resp. ¥-closed, ¥*-pre-open, ¥*-pre-closed) in X.

Remark 4.1. (i) Every (¥, 5")-pre-open(closed) mapping is (¥.f*)-pre-
open(closed). But the converse need not be true.

Note that if f: ¥ — ¥ is (¥*,8%)-pre-open(closed) and g: ¥ — Z is (5%, p%)-
pre- open(closed), then the composition gof: X — Z is a (¥, p*)-pre- open(closed)
mapping.

Theorem 4.1. Let f: X — ¥ be a mapping. Then the following statements are
equivalent:

(i) fis (¥.5")-pre-open;

(ii) for each x € X and each y¥-neighborhood U of x, there exists a f*-pre-open
set V of ¥ such that f(x) e V < f(U);

(iii) for each subset W < ¥ and each ¥-closed set F of X containing FHw),
there exists a f*-pre-closed set H of ¥ such that W — H and f "*(H) c F.

Proof. (i) = (ii). Suppose that f is a (¥. 5 *)-pre-open mapping. For each x ¢
X and each y-neighborhood U of x, there exists a ¥-open set U; such that x € U; ¢
U. Since f is (¥, 6 7)-pre-open, V = f(U,) is f*-pre-open and f(x) e V < f(U).

(ii) = (i). Let U be a y-open set of X. For each x € U, there exists a f*-pre-
open set Vi, such that f(x) € Vi,  fF(U). Therefore, f(U) = U{V;,, : x € U}and
hence by Theorem 2.1[10], f(U) is f*-pre-open. This shows that f is (y.8")-pre-
open.

(i) = (iii). Let H = ¥ — f(X — F). Since f (W) c F, f(X — F) Y — W Since
f is (v, B*)-pre-open, then H is f*-pre-closed and f *(H) = X — f Y (f(X—F)) c
X—(X—F)=F,

(iii) = (i). Let U be any y-open set of X and W = ¥ — f(U). Then f~ (W) =
X—fHf(U)) c X— U and X — U is y-closed. By (iii), there exists a §*-pre-
closed set H of ¥ containing W such that f*(H) c X — U. Then, f *(H)nU =@
and H N f(U) = @. Therefore, Y —f(U) o H oW =Y — f(U) and f(U) is f*-pre-
open in ¥. This shows that f is (¥. 5 *)-pre-open.

Corollary 4.2. Suppose f: ¥ — Y is a (¥.8")-pre-open mapping and y: T —
P(X)is an open operation on . Then the following properties hold:
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(i) fH(clg (intg (B))) < cl, (f~*(B)) for each set B c ¥;
@ f(elg (V) c el (f (V) for each B-opensetV of Y.

Proof. Follows from the Theorem 4.1(iii).

Theorem 4.3. Let f: X — ¥ be a mapping and y: T — P(X) be an open
operation on T. Then the following conditions are equivalent:

(i) fis (v, B7)-pre-open;

(i) f(int, (4)) c pintg: (f(4)) for A X;

(iif) int, (f "(B)) < £~ (pinty+(B)) for B < ¥.

Proof. Straightforward from the Definition 4.1.

Theorem 4.4. Let f: X — Y be a bijective mapping. Then the following
conditions are equivalent:

(i) f~': ¥ - X is (8%, ¥)-pre-continuous;

(ii) f is (¥, £7)-pre-open;

(iii) f is (. £7)-pre-closed.

Proof. Follows from the Definitions 3.1. and 4.1.

Theorem 4.5. Let f: X — ¥ be a mapping. Then the following statements are
equivalent:

(i) fis (¥", f")-pre-open;

(ii) for each x € X and for every 4 € PO,+(X) such that x € 4, there exists B
€ POg+(Y) such that f(x)

Band B c f(4);

(iii) for each x € X and for every y¥"-pre-neighborhood U of x in X, there
exists a f*-pre-neighborhood V of f(x) in ¥ such that V c f(U);

(iv) f(pint,- (4)) c pintg-(f(A)), forall A X;

(v) pint,«(f T*(B)) < f*(pintg+ (B)), forall B C ¥;

(vi) £ (pelg(B)) < pel,(f 7H(B)), for all B V.

Proof. (i) = (ii). Let A be a y*-pre-open set of x in X. Then f(x) € f(A). Since
fis (¥*.B")-pre-open, f(A) is f*-pre-open neighborhood of f(x) in ¥. Then by
Definition 3.2(i), there exists B € POg-(¥) such that f(x) € B  f(4).

(ii) = (i). Let 4 € PO,+(X) and x € A. Then by assumption, there exists B e
POg+(Y) such that f(x) € B — f(A). Therefore f(A4) is a f*-pre-neighborhood of
f(x) in ¥ and this implies that f(A) = J¢(,)rca)B. Then by Theorem 2.1[10], f(4)
is B*-pre-open in ¥. Hence f is (¥*, £%)-pre-open.

(i) = (iii). Let U be a ¥ -pre-neighborhood of x € X. Then by Definition 3.2(i),
there exists a ¥*-pre-open set W such that x € W < U. This implies that f(x) e
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F(W) < f(U). Since f is a (¥", 5" )-pre-open mapping, f(W) is 5*-pre-open. Hence
V = f(W)is af*-pre-neighborhood of f(x) and V < f (/).

(iii) = (i). Let U € PO,+(X) and x € U. Then U is a y"-pre-neighborhood of x.
So by (iii), there exists a f*-pre-neighborhood V of f(x) such that f(x) e V ¢

f(U). That is, f(U) is a f"-pre-neighborhood of f(x). Thus f(L) is a f*-pre-
neighborhood of each of its points. Therefore f(U) is f*-pre-open. Hence f is

(¥*.B%)-pre-open.

(i) = (iv). Let x € pint,+(A4). Then, there exists U € PO,+(X) such thatx e U
c A. So f(x) e f(U) < f(A). Since f is (¥*, 57 )-pre-open, therefore f(U) is §*-pre-
open in Y. Hence f(x) € pintg:(f(4)). Thus f(pint,-(A4)) c pintg-(f(A4)).

(iv) = (i). Let U e PO,(X). Then by (iv), f(U) = f(pint,-(4))
pintg+(f(A)) < f(U) or f(U) c pinte-(f(U)) < £(U). This implies that f(U) is f*-
pre-open in ¥. So f is (¥*, f*)-pre-open.

(iv) = (v). Let B be any subset of Y. Clearly, pint, (f~*(B))is y*-pre-open in
X. Also, f(pint,-(f *(B))) c f(f(B)) c B. Since f is (¥*,8*)-pre-open and by
(iv), f(pint,«(f"*(B))) < pintg(B). Therefore pint,(f (B)) <
FH(f(pint,(F1(B)))) < f '(pintg(B)). This gives pint,(fX(B)) <
f~* (pintg-(B)).

(v) = (iv). Let A c X. By (v), it is found that pint,-(A) c pint,-(f~*(f(4)))
C F(pintg-(F(4))). This implies that f(pint,-(4)) c f(pint,> (F(F(4))))
F(f X (pintg (F(4)))) C pintg- (£(4)). Consequently, f(pint,- (4)) < pintg-(f(4)),
forallA c X.

(v) = (vi). Let B be any subset of Y. By (v), pint«(f *(¥Y—B)) c
f(pintg+(Y — B)). Then pint (X — f 71 (B)) c f " (pintg: (Y — B)). As pinty-(B)
= Y —pelg(Y—B), therefore X —pcl,-(f71(B)) < f (¥ —pclg(B)) or
X —pel +(f7H(B)) c X — f*(pelg-(B)). Hence f~*(pelg+(B)) c pel«(f T (B)).

(vi) = (v). Let B c Y. By (vi), f ' (pclg-(Y — B)) < pel«(f ' (¥ — B)). Then,
we have that X —pcl«(f7'(Y¥—-B)) < X—f '(pclg(Y—B)). Hence
X —pel «(X —fNB)) < fN(Y —pelg (Y — B)). This gives pint,-(f 1(B)) <
f~* (pintg-(B)).

Theorem 4.6. Let f: X — ¥ and g: ¥ — Z be two mappings such that the
composite mapping gof : X — Z be a (¥*, p")-pre-continuous.

(i) If g is (5%, p¥)-pre-open injection, then f is (¥, £ )-pre-continuous;

(ii) If f is (¥, f7)-pre-open surjection, then g is (£*, o *)-pre-continuous.

Proof. Follows from the Definition 4.1.
Definition 4.2. A mapping f: X — Y is said to be (¥" f")-pre-

homeomorphism, if f is bijective, (¥*, £*)-pre-continuous and f~* is (8, ¥*)-pre-
continuous.
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Remark 4.2. From the Definitions 4.1 and 4.2, every bijective, (¥*, £*)-pre-
continuous and (¥*, £%)-pre-closed map is (¥*, £*)-pre-homeomorphism.

Theorem 4.7. Let f: X — Y be (¥, f*)-pre-homeomorphism. If X is y*-pre-
T:, thenY is f*-pre-T-:.

Proof. Let {v} be a singleton set of ¥. Then, there exists a point x of X such
that ¥ = f(x). It follows from the assumption and Theorem 5.5[10] that {x} is ¥*-
pre-open or ¥“-pre-closed. By Theorem 3.7(vi), {¥} is f*-pre-open or *-pre-closed.
This implies that ¥ is a f*-pre-T: space.

Theorem 4.8. A mapping f: X — ¥ is (y*,f")-pre-closed if and only if
pelg+(f(A)) c f(pcl,+(4)), for every subset 4 of X.

Proof. Suppose f is (¥*. " )-pre-closed and let A — X. Since f is (¥", " )-pre-
closed, therefore f(pcl,-(4)) is f*-pre-closed in Y. Since f(4) < f(pel,+(4)),
therefore pclg(f(A)) c f(pcl,+(4)). Conversely, suppose 4 is a y"-pre-closed set
in X. By hypothesis, f(4) < pelg-(f(4)) < f(pcl,-(4)) = f(A). Hence f(4) =
pclg+(f(A)). Thus f(A) is £”-pre-closed set in Y. This proves that f is (¥", 57 )-pre-
closed.

Theorem 4.9. A mapping f: ¥ — ¥ is (¥" B%)-pre-closed if and only if
clg(intg (f(A))) < f(pcl,+(A)), for every subset 4 of X.

Proof. Suppose f is (¥", 57)-pre-closed and let A c X. Then f(pcl,+(4)) is f°-
pre-closed in Y. This implies that clg(intg(f(pcl,+(A)))) < f(pcl,«(4)). Then
clg(intg (F(A))) < clg(inty(f(pel,~(A)))) gives clg(intg(F(A))) < f(pel,~(4)).
Conversely, suppose that A4 is a ¥*-pre-closed set in X. Then by hypothesis,
clg(intg (f(4))) < f(pel,+(4)). Since 4 is y*-pre-closed, f(pcl,-(4)) = f(A).
Therefore ¢lg (intg (f(A))) < f(4). Hence f(A) is f-pre-closed in Y. This implies
that f is (¥, " )-pre-closed.

Theorem 4.10. A mapping f: X — Y is a (¥", f7)-pre-closed if and only if for
each subset B of ¥ and each y*-pre-open set 4 in X containing f~*(B), there exists
a f*-pre-open set C in ¥ containing B such that f~*(C) c 4.

Proof. Let C =Y — f(X — A). Since f *(B) c 4, f(X —A) c Y —B. Since f is
(v*,B*)-pre-closed, then C is [S*-pre-open and f }(C)= X—f Y f(X—4)) c
X — (X —A) = A Conversely, let U be any ¥ -pre-closed set of X and B =¥ — f(U).
Then f~3(B) = X—fYf(U)) c X—U and X—U is y*-pre-open. By the
hypothesis, there exists a f*-pre-open set C of ¥ containing B such that f *(C) ¢
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X—U.Then f4(C)NU = @ and € nf(U) = ©. Therefore, ¥ —f(U) oC o B =
Y — f(U) and f(U) is f*-pre-closed in Y. This shows that f is (¥, 8*)-pre-closed.

Theorem 4.11. Let f: X — Y be a bijective mapping. Then the following
conditions are equivalent:

(i) fis (¥", £ )-pre-closed;

(ii) f is (¥", 7 )-pre-open;

(iii) £t is (8%, ¥*)-pre-continuous.

Proof. Follows from the Definition 4.1 and Theorem 4.5(vi).

Definition 4.3. Let id: T — P(X) be the identity operation. A mapping f: X —
Y is said to be (id, f*)-pre-closed if for any pre-closed set F of X, f(F) is f*-pre-
closedin¥.

Theorem 4.12. If f is bijective mapping and f~%: ¥ — X is (id, B*)-pre-
continuous, then f is (id, *)-pre-closed.

Proof. Follows from the Definitions 3.1, 4.1 and 4.3.

Theorem 4.13. Let f: X — Y be (¥", 5")-pre-continuous and (¥*, f*)-pre-
closed. Then

(i) for every ¥*-pg.closed set A of X, the image f(4) is £*-pg.closed;

(ii) for every f*-pg.closed set B of ¥, the set f “*(B) is ¥*-pg.closed.

Proof. Follows from the Theorems 2.1[10], 2.9(iii)[10], 3.7(v) and (vi).

Theorem 4.14. Let f: X — Y be (¥*, f*)-pre-continuous and (¥*, 5*)-pre-
closed.

(i) If f is injective and Y is f*-pre-Ts, then X is y*-pre-T;

(ii) If f is surjective and X is y*-pre-Ts, then ¥ is f*-pre-T-.

Proof. Follows from the Theorem 4.13(i) and (ii).

Theorem 4.15. Suppose V¥ is a regular operation on 7. Then X is a y*-pre-T:

space.
Proof. By Proposition 2.9[7], we have that (X, 1, ) is a topological space. Now

to prove X is y*-pre-Ts, it is enough to show that {x} is ¥*-pre-open or y*-pre-
closed.
Case (i): Suppose {x}e t,.. Then by Theorem 2.2[10], {x} is ¥"-pre-open.
Case(ii): Suppose {x} ¢ T,. Then ¢l (int,({x]})) = cl, () = @ c {x}. Hence {x}
is ¥*-pre-closed.
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Theorem 4.16. Let X be a y-regular space and y: T — P(X) be a regular
operation on 7. Then X is ¥"-pre-T: if and only if (X, 7, ) is pre-T=:.

Proof. By Proposition 2.9[7]: we have that (¥,1,) is a tohpological space. By
Theorem 2.27[4], it is a pre-T: space. Conversely, if (X,t,) is pre-T:, then {x} is

pre-open or pre-closed in X. Hénce it is ¥*-pre-open or }**-pre-closed in X and by
Theorem 5.5[10], we have that X is a y"-pre-T: space.

Theorem 4.17. Let X be a y-regular space and y: T — P(X) be a regular
operation on T. Then X is y*-pre-T; if and only if X is pre-T5.

Proof. Follows from the Theorem 2.3[10].
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