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ABSTRACT

We intend in this article critically review the weak convergence concept in the
real Hilbert spaces domain. Indeed, the purpose is to review, correct and enlarge the
paper by Ferreira (2014) on this subject, where is studied mainly its construction
process. The main goal is to enlarge the Bolzano -Weierstrass theorem field of
validity. Then it is discussed in which conditions weak convergence implies
convergence.

Keywords: Hilbert spaces; Bolzano-Weierstrass theorem; weak convergence

Mathematics Subject Classification: 46C15
INTRODUCTION

Begin with some notions on Hilbert spaces essential for the progress of this
work:

Definition 1.1

A Hilbert space is a complex vector space with inner product that, as metric
space, is complete. ®

Usually we designate a Hilbert space H or 1.

i David Hilbert, (January 23, 1862 - February 14, 1943) was a German mathematician, recognized
as one of the most influential and universal mathematicians of the 19th and early 20th centuries.
Hilbert discovered and developed a broad range of fundamental ideas in many areas, including

invariant theory and the axiomatization of geometry. He also formulated the theory of Hilbert

spaces one of the foundations of functional analysis.
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Definition 1.2
An inner product in a complex vector space H is a sesquilinear hermitian and
strictly positive functional on H.=

Observation:

- In real vector spaces, “sesquilinear hermitian” must be changed to” bilinear
symmetric”,

- The inner product of two vectors x and y belonging to H, in this order, is
denoted|[x, v],

- The norm of a vector x is given by ||x|| = /[x, x],

- The distance between two vectors x and y belonging to H
is d(x,y) = [lx = yll.

Proposition 1.1
The norm, in a space with inner product, satisfies the parallelogram rule.
llx — ¥l + llx + ylI* = 2(llxll* + llylI?). m

Now follows the presentation of the problem we wish to study.

Bolzano-Weierstrass theorem, establishes that a bounded sequence of real
numbers has at least one sublimit. This result remains true for any finite
dimension space with inner product.

Such a result does not stand when we consider infinite dimension spaces.
Really, under those conditions it is possible to find a sequence in a Hilbert space H,
orthonormal, designated {#,,}.So llh, |l = 1 and

Ik, — k> =[h, —h, . h,—h, ]=lRN*+ Ik, I°=1+1=2,if m=n,

Consequently, this is a bounded sequence and has no sublimits. So it is
legitimate to ask which the generalization of the Bolzano-Weierstrass theorem is.

The problem of weak convergence in Hilbert Spaces is an important concept
in theoretical mathematics, see (Ferreira et al, 2012), with multiple and interesting
applications in real world problems.

A conceivable application of this notion is in the field of nonlinear time
series. There stationarity and convergence are related concepts. In linear
problems, weak stationarity plays a very important role. It is, however, uncommon
to assume a truly nonlinear framework and the current article presents a
thoughtful contribution to ease such applications. On this subject see, for instance,
(Campbell et al, 1977), (Nigmatullin et al, 2013) and (Bentes and Menezes, 2013).
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It is therefore an interesting and important contribution to the knowledge of
the functionals mathematical properties defined in non-trivial complexity spaces;
see (Royden, 1968) and (Kantorovich and Akilov, 1982).

This paper is the enlarged version of Ferreira (2014) on this subject.

WEAK CONVERGENCE

For anyg€H and for the orthonormal sequence seen above:
llgll?* = X¥_,llg, h,]I? according to Bessel’s inequality. So

IIE]-[E! h’k] =0= [grﬂ]rvag € H.

Originated on this example, we introduce a weaker notion of convergence.

Definition 2.1: A sequence x; in H weakly converges for x belonging to H if
and only if lim [x,,g] = [x, gl foranygin H.

Definition 2.2: A y is a weak limit of a set M if and only if [x, ¥] is a limit point
of [x, M] forany xin H. &

Definition 2.3: A set M is weakly closed if and only if contains all its weak
limits. H

Observation:

- Every set weakly closed is closed. The reciprocal proposition is not true.

Now we will enounce, without demonstration, two theorems that establish
important properties for Hilbert spaces. The second is true in any Banach space. To
demonstrate the first, it would be necessary, in particular, the Riesz representation
theorem, see Ferreira (2013) and (Ferreira and Andrade, 2011), which
enouncement and demonstration follow:

Theorem 2.1 (Riesz representation)
Every continuous linear functional f () may be represented in the form
f(x) = [x,g] where

www.actaint.com Vol.5. No.3 (2019) | 7



Acta Scientiae et Intellectus ISSN 2410-9738 (Print), 2519-1896 (Online)

Dem:

Begin noting that for every continuous linear functionalf(.), the Nucleus of
f(.) i is a closed vector subspace. If the functional under consideration is not the
null functional, there is an element y such that f(¥) # 0. Be z the projection of y
over Nuc (f) and make g = v — z. So, q is orthogonal to Nuc (f), f(g) = f(¥) and, in
consequence, f(g) = 0.

Then, for every x € H,x — ;—Z;q belongs, evidently to Nuc(f). So, x — J’:—;iq is

orthogonal to g and, in consequence,

Flad fig)
lv.q] -L30g.q] = 0 = [x.q] =3 [q.q] that is : f(x) = [ L5 q | m
Observation:
- From the theorem it results || fll ;= |G|l where H' is the H dual spaceil,

For the second it would be necessary the Baire category theorem, see
(Royden, 1968), true for any complete metric space.

Theorem 2.2 (Weak Compactness Property): Every bounded sequence of in
a Hilbert space contains at least a subsequence weakly convergent. B

Theorem 2.3 (Uniform Boundary Principle): Be f,(.) a sequence of
continuous linear functionals in H such that sup,,|f;,,(x)| < = for each x in H. Then
I, ()l = M forany M < .l

Two very useful corollaries, from this theorem are:

Corollary 2.1: Be f,,(.) a sequence of continuous linear functionals such that,
for each x € H, f, (x) converges. Then there is a continuous linear functional such
that £(x) = lim £, () and |F()Il < Lim II£, ().

Dem: By the Uniform Boundary Principle, it follows that
IIf, ()l < M for any M < w0, Define g(x) = limf,(x). So g(.) is evidently linear.
Suppose that [|x,, — x|l = 0. So

lg(x,, — x)| =lim, |f,(x,, — x)| < Mllx,, — x|l = 0.

it The Nucleus of f(.}is designated Nuc(f) and Nuc(f)=tx: f(x) = 0L

iii Consider a continuous linear functional f in a normed space E. It is called f norm, and
designated Il ]l

7l = sup FiE3l

|2 |22
that is: the supreme of the values assumed by |f{x}| in the E unitary ball. The class of the
continuous linear functionals, with the norm above defined, is a normed vector space, called the E
dual space, designated E'. Of course a Hilbert space is a normed space.
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Consequently, g(.) is continuous. Also for any x,

x|l = 1, 1g(x)| = lim|f,, (x)| < Lim | £,(.) |90

Corollary 2.2: Be f,(.) a sequence of continuous linear functional such that
I£,(.)ll = M and £, (.) converges for each x in a dense subset of H. Then,

- There is a linear continuous functional f(.) such that lim, f,(x) = f(x)
since this limit exists,

- The limit linear functional is unique.
Dem: We will state that f,,(x), indeed, converges for every x in H. For it, be x,,
in the dense setiV:

|2 — x|l = 0; £, (x,) converges in m.

x—x ||£—
l P 4M

Consider p, great enough such that, given £ = 0,

And n and m so that |f, [xp) — fm[xgﬂ = E So,

|fm(xj - fn(le = |fm[x _x?ﬂ) - fn[x - x?ﬂ)l + |fm[x?=) _fn[x'ﬂ” = EM"x -

x,p"'l‘::::_:::"':::E.

Then, f,(x) converges and the conditions of the former corollary are
satisfied. ®

WEAK CONVERGENCE AND CONVERGENCE

It is obvious to pose the following question:

- Under which conditions weak convergence implies convergence.
The first result important to answer this question is:

Theorem 3.1: Suppose that x, converges weakly for x and llx,Il for |lx]l.
Then x,, converges for x.
Dem: It is immediate that

llx,, — 2l1? = Nl 117 + xll® = [, 2] — [, 2,1 = Hxll® + Nl — 2[x, 2]
= 2|xlI* - 2[lxlI* = 0.

iv That is: be x,,, elements of the dense set, such that x,; — x.
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Consequently, llx, — x|I* —= 0.1
Much more useful than the former one in the applications, on weak
convergence, is the following result due to Banach-Saks:

Theorem 3.2 (Banach-Saks): Suppose that x,, converges weakly for x. Then
it is possible to determine a subsequence {xnk } such that the arithmetical means
iZE‘:l x,,, converge for x.

Dem: Generality lossless, it may be supposed that x = 0. Consider x, as
follows:

" Xn, T Xy

- Due to the weak convergence, it is possible to choose x,, such that
[ xa ]l <1,

- Having considered x, , .., x,, it is evident that it is admissible to choose
1,
X, ., such that |[xnl_,xnk+‘_]| <L i=12,.., k.
As, by the uniform boundary, it is possible to take ||xnw|| = M forany M < o,
with the inner products usual calculations rules it is obtained:

"< (1) (ke 25t [

1
||;Ei:1xn[

) =2 (kM +2(k— 1)) > 0.

1 7
So —Xi=, x,,, converges to 0. M

Observation:
- An alternative formulation of Theorem 3.2 is:

Every closed convex subset is weakly closed.
Finally, we present a Corollary of Theorem 3.2.
Corollary 3.1 (Convex Functionals Weak Inferior Semicontinuity): Be

f(.) a continuous convex functional in the Hilbert space H. So if x, weakly
converges to x, lim f(x,) = f(x).
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Dem: Consider a subsequence x, , and put x, =x, , in order that
m M
. 1 : .
lim f(x,) =lim f(x,) and, still, that ;Zﬁ,lzlxm converges for x, in accordance with

Theorem 3.2. However, as f{. ) is convex,

%Z flr) = f(iz xk)-

So, lim f[xn] = lim %Eﬁzlf[xk] = hmf(i k=1 xk) =f(x)m
CONCLUSIONS

The notion of weak convergence established in Definition 2.1 allows a
possible Bolzano-Weierstrass theorem generalization. The Theorem 2.1 (Weak
Compactness Property) and the Theorem 2.2 (Uniform Boundary Principle) help to
understand that notion. Also in the Corollary 2.1 and in the Corollary 2.2 some
operational properties are established. Finally, with the help of Banach-Saks
Theorem we present conditions under which weak convergence implies
convergence.
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