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ABSTRACT 
 
The aim of this work is to look for exponential behavior conditions for the 

 queue busy period length distribution, in the case at which a particular 

service time’s collection is considered. 
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INTRODUCTION 
 
In the  queue customers arrive according to a Poisson process at rate , 

upon its arrival receive immediately a service with time length distribution function 
 and mean . The traffic intensity is . The  queue busy period 

length distribution is called B, the distribution function B(t) and the probability 
density function b(t). 

Due to the exponential distribution interesting qualities, in particular the 
“lack of memory”1, the pursuit for exponential behavior conditions for the  

queue busy period length distribution is done through this work, considering a 
particular service time’s distributions collection. 

                                                             
1For instance, if the lifetime of a device is exponentially distributed, the probability that it goes on 
operational for  a period of length 𝑇2 , after having been operating for a period of length 𝑇1 , is the 
same that if it had begun its operation: 
 

𝑃 𝑇 >  𝑇1 + 𝑇2 𝑇 > 𝑇1 = 𝑃 𝑇 > 𝑇2 . 
 
That is: the device in 𝑇1  has the same quality as in the beginning of the operation. From here the 
designation “lack of memory “for this property. This justifies the exponential distribution 
importance in reliability theory. In fact it is a standard border between the situations  
𝑃 𝑇 >  𝑇1 + 𝑇2 𝑇 > 𝑇1 ≤ 𝑃 𝑇 > 𝑇2  and 𝑃 𝑇 >  𝑇1 + 𝑇2 𝑇 > 𝑇1 ≥ 𝑃 𝑇 > 𝑇2  where the device 
incorporates negatively or positively, respectively, the effects of operation time: the memory. 
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In the next section it is presented a result important for this research. Then in 
section 3 are presented the aimed results for the  queues, considering a 

particular service time’s distributions collection. This work is finished with the 
presentation of a conclusions section and a short list of references. 

 
AN IMPORTANT RESULT 
 
The queue busy period length Laplace-Stieltjes transform is, see [5],  
 

 . 

From (2.1) it is deduced  
 

 , 

 
for any service time distribution. 
 
Proposition 
With service time distributions satisfying , fixing , for  

great enough B is approximately exponential.∎ 
Note: 
- For this result details see [3]. 
 
A SPECIAL COLLECTION OF SERVICE TIMES DISTRIBUTIONS 
 

See now the 
Proposition 
For an  queue, if the service time distribution function belongs to the 

collection 
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the busy period length distribution function is 
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Notes: 
- The demonstration may be seen in [5], 

- For ,  in (3.1) and (3.2), respectively, 

- For , , purely exponential, in (3.2) 

- If  (constant) 
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a mixture of a degenerate distribution at the origin and an exponential 

distribution, 
- With G(t) given by (3.1),  

=

, such as it should 

happen, since B is positively distributed, 

- From (3.1), . Then this service 

time distributions achieve the Proposition 2.1 conditions. So, the distributions 
collection (3.2) have approximately exponential behavior for  great enough and 

, 

- For  (constant) it is easy to check directly that the approximately 

exponential behavior is assumed for  great enough. 

To acquire sensitivity to the meaning of  and  great enough, it is presented 

in the sequence the B Coefficient of Variation, , Coefficient of Symmetry,  

and Kurtosis, 2 computations for the systems 3. Note that for the 

 queue the  required to compute these parameters are 

given by  
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     (3.5).  

                                                             
2For the exponential probability distribution 𝛿1 = 1,𝛿2 = 4 and 𝛿3 = 9. 
3Service time distribution given by (3.3) for 𝛽 = 0. 
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Table 1.  

 
Parameters 

ρ
  

 

  

 

 

 

  

.5 2.0206405 9.5577742 15.983720 
1 1.4710382 5.5867425  10.878212 

10 1.0000454 4.0000000 9.0000000 
20 1.0000000 4.0000000 9.0000000 
50 1.0000000 4.0000000  9.0000000 

100 1.0000000 4.0000000 9.0000000 

 
The results in Table 3.1 clearly show that after  the  queue busy 

period length exponential behavior is evidenced.  
 
CONCLUSIONS 
 
The exponential distribution is very simple and quite useful from a practical 

point of view. It has been frequently considered in queuing systems study. 
Conditions under which B  is exponentially distributed or approximately 
exponentially distributed for the  queue may be seen in [3]. 

Many quantities of interest in queues are insensible. This means that they 
depend on the service time distribution only by its mean. Thus it is indifferent 
which service distribution is being considered. But using those given by (3.3), 
result quasi-exponential or exponential busy periods. And, for these service 
distributions, all distributions related to the busy period have simple forms and 
are related to the exponential distribution. 

For the distributions collection given by (3.1) it was seen that under 
conditions of heavy- traffic -𝛼 great- B  is approximately exponential. 
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